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Abstract
Let µ (G) and µmin (G) be the largest and smallest eigenvalues of the adjacency
matrix of a graph G. Our main results are:
(i) Let G be a regular graph of order n and diameter D. IfH is a proper subgraph
of G, then
µ (G)− µ (H) >
1
nD
.
(ii) If G is a connected regular nonbipartite graph of order n and diameter D,
then
µ (G) + µmin (G) >
1
nD
.
Keywords: smallest eigenvalue, largest eigenvalue, diameter, connected graph,
nonbipartite graph
Our notation follows [1], [2], and [4]. In particular all graphs are defined on the vertex
set [n] = {1, ..., n} and µ (G) and µmin (G) stand for the largest and smallest eigenvalues
of the adjacency matrix of a graph G.
The aim of this note is to improve some recent results on eigenvalues of subgraphs of
regular graphs. Our main result is the following theorem.
Theorem 1 Let G be a regular graph of order n and diameterD. If H is a proper subgraph
of G, then
µ (G)− µ (H) >
1
nD
. (1)
This theorem combines the hypothesis of Theorem 4 in [5] with the conclusion of
Corollary 2.2 in [3], thus improving both statements. As a consequence we obtain the
following result about regular nonbipartite graphs.
Theorem 2 If G is a regular nonbipartite graph of order n and diameter D, then
µ (G) + µmin (G) >
1
nD
.
1
To prove Theorem 1 we borrow ideas from [3] and [5].
Write distG (u, v) for the length of a shortest path joining the vertices u and v in a
graph G. We start with a seemingly known lemma that we prove here for convenience.
Lemma 3 Let G be a graph of order n and diameter D. Let uv be an edge of G such that
the graph G− uv is connected. Then, for every w ∈ V (G) ,
distH (w, u) + distH (w, v) ≤ 2D. (2)
Proof Let w ∈ V (H) and let P (u, w) and P (v, w) be shortest paths joining u and v to
w in H. Let Q (u, x) and Q (v, x) be the longest subpaths of P (u, w) and P (v, w) having
no internal vertices in common. If s ∈ Q (u, x) or s ∈ Q (v, x) , we obviously have
distH (w, s) = distH (w, x) + distH (s, x) . (3)
The paths Q (u, x) , Q (v, x) and the edge uv form a cycle in G; write k for its length.
Assume that dist (v, x) ≥ dist (u, x) and select y ∈ Q (v, x) with distH (x, y) = ⌊k/2⌋ . Let
R (w, y) be a shortest path in G joining w to y; clearly the length of R (w, y) is at most
D. If R (w, y) does not contain the edge uv, it is a path in H and, using (3), we find that
D ≥ distG (w, y) = distH (w, y) = distH (w, x) + ⌊k/2⌋
= distH (w, x) +
⌊
distH (x, u) + distH (x, v) + 1
2
⌋
≥ distH (w, x) +
distH (x, u) + distH (x, v)
2
=
distH (w, u) + distH (w, v)
2
,
implying (2). Let now R (w, y) contain the edge uv. Assume first that v occurs before u
when traversing R (w, y) from w to y. Then
distH (w, u) + distH (w, v) ≤ 2distH (w, x) + distH (x, u) + distH (x, v)
≤ 2 (distH (w, x) + distH (x, v)) < distG (w, y) ≤ 2D,
implying (2). Finally, if u occurs before v when traversing R (w, y) from w to y, then
D ≥ distG (w, y) ≥ distH (w, u) + 1 + distH (v, y)
= distH (w, x) + distH (x, u) + 1 + distH (v, y) = distH (w, x) + ⌈k/2⌉
≥ distH (w, x) +
distH (x, u) + distH (x, v)
2
=
distH (w, u) + distH (w, v)
2
,
implying (2) and completing the proof. ✷
Proof of Theorem 1 Since µ (H) ≤ µ (H ′) if H ⊂ H ′, we may assume that H is a
maximal proper subgraph of G, that is to say, V (H) = V (G) and H differs from G in a
single edge uv. Write d for the degree of G and set µ = µ (H).
2
The rest of the proof is split into two cases: (a) H connected; (b) H disconnected.
Case (a): H is connected.
Let x = (x1, ..., xn) be a unit eigenvector to µ and let xw be a maximal entry of x; we
thus have x2w ≥ 1/n. We can assume that w 6= v and w 6= u. Indeed, if w = v, we see that
µxv =
∑
vi∈E(G)
xi ≤ (d− 1)xv,
and so d− µ ≥ 1, implying (1).
We have
d− µ = d
∑
i∈V (G)
x2i − 2
∑
ij∈V (G)
xixj =
∑
ij∈V (G)
(xi − xj)
2 + x2u + x
2
v.
Assume first that distH (w, u) ≤ D − 1. Select a shortest path u = u1, u2, . . . , uk = w
joining u to w in H. We see that
d− µ =
∑
ij∈V (G) (xi − xj)
2 + x2u + x
2
v >
∑k−1
i=1
(
xui − xui+1
)2
+ x2u
≥
1
k − 1
(
xui − xui+1
)2
+ x2u =
1
k − 1
(xw − xu)
2 + x2u ≥
1
k
x2w ≥
1
nD
,
completing the proof.
Hence, in view of Lemma 3, we shall assume that
distH (w, u) = distH (w, v) = D.
Select shortest paths P (u, w) and P (v, w) joining u and v to w in H. Let Q (u, z)
and Q (v, z) be the longest subpaths of P (u, w) and P (v, w) having no internal vertices
in common. Clearly Q (u, z) and Q (v, z) have the same length. Write Q (z, w) for the
subpath of P (u, w) joining z to w and let
Q (u, z) = u1, . . . , uk, Q (v, z) = v1, . . . , vk, Q (z, w) = w1, . . . , wl,
where u1 = u, uk = vk = w1 = z, wl = w, k + l − 2 = D. As above, we see that
d− µ ≥
∑k−1
i=1
(
xvi − xvi+1
)2
+ x2v +
∑k−1
i=1
(
xui − xui+1
)2
+ x2u +
∑l−1
i=1
(
xwi − xwi+1
)2
≥
2
D − l + 2
x2z +
1
l − 1
(xw − xz)
2 ≥
2
D + l − 1
x2w ≥
1
Dn
,
completing the proof.
Case (b): H is disconnected.
Since G is connected, H is union of two connected graphs H1 and H2 such that u ∈ H1,
v ∈ H2. Assume µ = µ (H1) , set |H1| = k and let x = (x1, ..., xk) be a unit eigenvector to
µ. Let xw be a maximal entry of x; we thus have x
2
w ≥ 1/k. Like in the previous case, we
3
see that w 6= u. Select a shortest path u = u1, u2, . . . , ul = w joining u to w in H1. Since
distG (v, w) ≤ diam G = D, we see that l = distH1 (u, w) ≤ D − 1. As above, we have
d− µ =
∑
ij∈V (G) (xi − xj)
2 + x2u + x
2
v >
∑l−1
i=1
(
xui − xui+1
)2
+ x2u
≥
1
l − 1
(xu1 − xuk)
2 + x2u =
1
l − 1
(xw − xu)
2 + x2u ≥
1
l
x2w >
1
nD
,
completing the proof. ✷
Proof of Theorem 2 Let x = (x1, ..., xn) be an eigenvector to µmin (G) and let U =
{u : xu < 0} . Write H for the maximal bipartite subgraph of G containing all edges with
exactly one vertex in U ; note that H is a proper subgraph of G and µmin (H) < µmin (G) .
Hence,
µ (G) + µmin (G) > µ (G) + µmin (H) = µ (G)− µ (H) ,
and the assertion follows from Theorem 1. ✷
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